Abstract. We investigate the growth of meromorphic solutions of homogeneous and nonhomogeneous higher order linear differential equations
Introduction and statement of results
In this paper, we use the standard notations of Nevanlinna's value distribution theory [10, 12, 15] . In addition, we use the notations λ(f ) and λ(1/f ) to denote respectively the exponents of convergence of the zeros and the poles of a meromorphic function f , ρ(f ) and µ(f ) to denote respectively the order and the lower order of f . The hyper-order ρ 2 (f ), the hyper-exponent λ 2 (f ) of convergence of zeros and the hyper-exponent λ 2 (f ) of convergence of distinct zeros of f are defined respectively by ρ 2 (f ) = lim sup r→+∞ log log T (r, f ) log r , λ 2 (f ) = lim sup 
Proof. i) Since we have χ H (t)/t χ H (t) for all t ∈ H ⊂ [1, +∞), then m(H) lm(H).

We can easily prove the results ii) and iii) by applying the definition of the limit and the properties m(H ∩ [0, r]) m(H) and lm(H ∩ [1, r]) lm(H).
In [11] , Kwon investigated the growth of second order equations and obtained the following result. Theorem 1.1. [11] Let H be a set of complex numbers satisfying dens{|z| : z ∈ H} > 0, and let A(z) and B(z) be entire functions such that for real constants α (> 0), β (> 0),
has infinite order and ρ 2 (f ) β.
In [6] , Chen and Yang have studied the growth of solutions of (1.1) and obtained the following result. Theorem 1.2. [6] Let H be a set of complex numbers satisfying dens{|z| : z ∈ H} > 0, and let A(z) and B(z) be entire functions with ρ(A) ρ(B) = ρ < +∞ such that for real constant C (> 0) and for any given ε > 0,
These results were improved by Belaïdi in [1, 2] by considering more general conditions to higher order linear differential equations with entire coefficients. Recently in [8] , Chen extended the previous results by studying the zeros and the growth of meromorphic solutions of equation (1.1) and the non-homogeneous equation
Here we consider for k 2 the homogeneous and the non-homogeneous linear differential equations
where A j (z) (j = 0, 1, . . . , k) (A 0 ≡ 0 and A k ≡ 0) are meromorphic functions with finite order. We investigate the zeros and growth of meromorphic solutions of equations (1.2) and (1.3). The present article may be understood as an extension and improvement of Theorems 2.3 and 2.4 in the paper of Shen and Xu [14] . We improve the results due to Chen; Shen and Xu greatly and we give two corollaries in the case when ρ = max{ρ(A j ) : j = 1, 2, . . . , k} < ρ(A 0 ) = σ < 1/2. 
It is clear that ρ(A 0 ) = β σ in Theorems 1.3 and 1.4. Indeed, suppose that ρ(A 0 ) = β < σ. Then, by using Lemma 2.2 of this paper, there exists a set E 1 ⊂ (1, +∞) that has a finite linear measure such that when |z| = r / ∈
On the other hand, by the hypotheses of Theorems 1.3 and 1.4, there exist positive constants σ > 0, α > 0 such that
where H is a set with m(H) = ∞. From (1.4) and (1.5), we obtain for
and by ε (0 < ε < σ − β) this is a contradiction as r → +∞. Hence ρ(A 0 ) = β σ. 
meromorphic functions having only finitely many poles such that
ρ = max{ρ(A j ) : j = 1, 2, . . . , k} < ρ(A 0 ) = σ < 1/2. Then every meromorphic solution f ≡ 0 of equation (1.2) sat- isfies µ(f ) = ρ(f ) = ∞ and ρ 2 (f ) = σ. Furthermore, every meromorphic solution f of equation (1.3) satisfies λ(f ) = λ(f ) = ρ(f ) = ∞, λ 2 (f ) = λ 2 (f ) = ρ 2 (f ) and if λ(1/f ) < µ(f ), then ρ 2 (f ) ρ(A 0 ). Corollary 1.2. Let A j (z) (j = 0, 1, . . . , k) (A k ≡ 0) be meromorphic func- tions such that λ(1/A 0 ) < µ(A 0 ) ρ(A 0 ) = σ < 1/2 and ρ = max{ρ(A j ) : j = 1, 2, . . . , k} < σ.λ(f ) = λ(f ) = ρ(f ) = ∞, λ 2 (f ) = λ 2 (f ) = ρ 2 (f ) and if λ(1/f ) < µ(f ), then ρ 2 (f ) ρ(A 0 ).
Auxiliary lemmas
Lemma 2.1. [9] Let f (z) be a transcendental meromorphic function, and let α > 1, ε > 0 be given constants. Then there exists a set E 0 ⊂ [0, ∞) that has finite linear measure and there exists a constant c > 0, such that for all z satisfying |z| = r / ∈ E 0 , we have
Then for any given ε > 0, there exists a set E 1 ⊂ (1, +∞) that has finite linear measure and finite logarithmic measure such that when
Let g(z) = ∞ n=0 a n z n be an entire function. We define by µ(r) = max{|a n |r n ; n = 0, 1, · · · } the maximum term of g, and define by ν g (r) = max{m; µ(r) = |a m |r m } the central index of g. 
Let z be a point with |z| = r at which |g(z)| = M (r, g) and ν g (r) denote the central index of g (z) . Then there exists a set E 2 ⊂ (1, +∞) with finite logarithmic measure lm(E 2 ) < ∞, such that for all z satisfying |z| = r / ∈ [0, 1] ∪ E 2 , we have
Lemma 2.4. 
Proof. We assume that f is a meromorphic solution of infinite order ρ(f ) = ∞ of equation (2.1). We can rewrite (2.1) as
By Hadamard factorization theorem, we can write f as f (z) =
, where g(z) and d(z) are entire functions such that
By Lemma 2.3, there exists a set E 2 ⊂ (1, +∞) with finite logarithmic measure, such that for all z satisfying |z| = r /
Since ρ(h k (z)d(z)) ρ 1 = max{µ, ρ}, then by Lemma 2.2, for any ε > 0 there exists a set E 1 ⊂ (1, +∞) with a finite logarithmic measure such that
By (2.4) and (2.5), for any given ε with 0 < ε < λ − ρ 1 and for all z satisfying
Since ρ = max{ρ (h j ) : j = 0, 1, . . . , k} < ∞, then by Lemma 2.2, we have
holds for all z satisfying |z| = r / ∈ [0, 1] ∪ E 1 , r → +∞. Substituting (2.3), (2.6) and (2.7) into (2.2), we obtain for all z satisfying
So, we get
Then, by Lemma 2.4, we obtain from (2.8) that ρ 2 (g) = ρ 2 (f ) ρ + ε. Since ε (0 < ε < λ − ρ 1 ) being arbitrary, then we get ρ 2 (f ) ρ. 
Lemma 2.8. [7] Suppose that h(z) is a meromorphic function with λ(1/h) < µ(h) ρ(h)
is transcendental and satisfies ρ(f ) σ.
Proof. Assume that f ≡ 0 is a meromorphic solution of (2.9) with ρ(f ) < σ. It follows from (2.9) that (2.10)
Since ρ(h j ) < σ (j = 1, 2, . . . , k) and ρ(f ) < σ, then from (2.10) we obtain that the order of growth of h 0 is ρ 1 = ρ(h 0 ) max{ρ, ρ(f )} < σ. By Lemma 2.2, for any ε (0 < ε < σ − ρ 1 ) there exists a set E 1 ⊂ (1, +∞) with a finite linear measure such that and by ε (0 < ε < σ − ρ 1 ) this is a contradiction as r → +∞. Consequently, any meromorphic solution f ≡ 0 of equation (2.9) is transcendental and satisfies ρ(f ) σ.
Proofs of the results
Proof of Theorem 1.3. Let f ≡ 0 be a meromorphic solution of (1.2). It follows from (1.2) that (3.1)
By Lemma 2.11, we know that f is transcendental. By using Lemma 2.1, there is a set E 0 ⊂ (0, +∞) having finite linear measure such that for all z satisfying |z| = r / ∈ E 0 , we have
By Lemma 2.2, for any given ε (0 < ε < σ − ρ) there exists a set E 1 ⊂ (1, +∞) with finite linear measure such that
holds for all z satisfying |z| = r / ∈ [0, 1] ∪ E 1 , r → +∞. Also, by the hypotheses of Theorem 1.3, there exists a set H with m(H) = ∞, such that for all z satisfying |z| = r ∈ H, r → +∞, we have
Hence it follows from (3.1), (3.2), (3.3) and (3.4) that for all z satisfying |z|
By 0 < ε < σ − ρ, it follows from (3.5) that
and by Remark 1.2, we have max{ρ(A j ) :
Thus, by Lemma 2.6, we get
By (3.6) and (3.7), we conclude that σ ρ 2 (f ) ρ(A 0 ).
Proof of Theorem 1.4. Let f be a meromorphic solution of (1.3). Assume that ρ(f ) < ∞. It follows from (1.3) that (3.8)
By Lemma 2.11, we know that f is transcendental with ρ(f ) σ. By the hypothesis λ(1/f ) < σ and Hadamard factorization theorem, we can write f as f (z) = 
By Lemma 2.9, for any given ε (0 < ε < ρ(f )), there exists a set H 3 ⊂ [0, +∞) with dens H 3 = 1 such that
holds for all z satisfying |z| = r ∈ H 3 . By (3.9), for all z satisfying |z| ∈ H 3 at which |g(z)| = M (r, g), we get
Then, by (3.10), we obtain
We have ρ(d(z)A k (z)) < σ and set
hence by using similar arguments as in the proof of Theorem 1.3, for any given ε (0 < ε < σ − ρ 1 ) there exists a set H 4 = H ∩ H 3 ⊂ [0, +∞) with positive upper density such that for all z satisfying |z| = r ∈ H 4 ([0, 1] ∪ E 0 ∪ E 1 ), r → +∞, at which |g(z)| = M (r, g), we have
Substituting (3.11)-(3.14) into (3.8), we obtain for all z satisfying |z| = r ∈ H 4
Hence by (3.15), we have ρ(f ) = ∞. This is a contradiction which means that the assumption of ρ(f ) < ∞ is not true. Hence, we conclude that ρ(f ) = ∞. Since A k ≡ 0, then by Lemma 2.10, we obtain λ(f ) = λ(f ) = ρ(f ) = ∞. By (1.3), it is easy to see that if f has a zero at z 0 of order m, m > k, and A j (j = 0, 1, . . . , k − 1) are analytic at z 0 , then A k must have a zero at z 0 of order m − k. Therefore, we get by A k ≡ 0 that
On the other hand, (1.3) may be rewritten as
So, we get A j (j = 0, 1, . . . , k) , then f must have finitely many poles. Therefore, λ(1/f ) = 0. Then, for any given ε with 0 < 2ε < σ − ρ, we have (3.25) and
Furthermore, all meromorphic solutions f ≡ 0 of (1.2) or (1.3) satisfy
Then, from (3.25), (3.26) and (3.27) by application of Theorem 1.3 for equation (1.2), we find that every meromorphic solution f ≡ 0 of (1.2) satisfies µ(f ) = ρ(f ) = ∞ and σ − 2ε ρ 2 (f ) σ. By ε (0 < 2ε < σ − ρ) being arbitrary, we obtain ρ 2 (f ) = σ. Furthermore, we conclude from Theorem 1. 
